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Abstract By extending Fan-Klauder entangled state representation to multipartite case. We
construct n-mode Wigner operator in the common eigenvector of the multipartite centre-
of-mass coordinate and two mass-weighted relative momenta, and its canonical conjugate
state, they are both more complicated entangled state of continuum variables. the technique
of integration within an ordered product (/WOP) of operators is essential in our derivation.
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1 Introduction

Wigner function theory [1] has been an important topic since the foundation of quantum
mechanics since Wigner function of quantum states (pure states and density operators) are
widely used in quantum statistics and quantum optics. Further, Wigner functions and Weyl
transforms of operator offer a formulation quantum mechanics in phase space that is equiva-
lent to the standard approach given by the Schrodinger equation [1-5]. The physical meaning
of the Wigner distribution function W (g, p) of a particle in pure state |)(y| lies in that its
marginal distributions give the probability of finding the particle with momentum

|W(P)|2=f Wig.p)dq, Wlq,p)=(VIAlg. pIY), ey

and the probability of finding the particle with position

WP = / W(g. p)dp. ?)
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respectively. Where A(q, p) is named the Wigner operator. Enlightened by this idea one can
immediately wrote down the explicit form of Wigner operator as [6]

1 o2 (hpy2
A, p)=— e O, €))

where the symbol :: denotes normal ordering, Q = (a +a')/ V2, P=(a—ah) / (i+/2) are
the coordinate and momentum operator, whose eigenvectors are |¢) and |p) respectively,
[a,a’] = 1. One-sided integral of the Wigner operator respectively gives the single-particle’s
position projection operator

[ s =z gl )
and the momentum projection operator

food Ao p)=—= e TP = [p)(pl. ®)

. qa4,p T pIp

Recently the concept of quantum entanglement has aroused much attention of physicists
since it is useful in quantum communication and quantum information. The bipartite entan-
gled state representation is constructed in Ref. [7-12], which was enlightened by Einstein-
Podolsky-Rosen’s argument that two particles’ relative coordinate Q; — Q, and the total
momentum P; 4+ P, are commutable and can be simultaneously measured [13]. Generally
speaking, as pointed in Ref. [14, 15] that for an entangled particles system, the Wigner
operator should be put into the corresponding entangled state representation such that the
marginal distributions of the Wigner function would give the correct probability in the sense
of finding entangled particles simultaneously. Thus introducing entangled state representa-
tion is inevitable. The aim of this paper is to construct phase space formalism of Wigner
operator in multipartite entangled system, which is different from that in Ref. [10].

In the following we shall show that with the help of the technique of integration within
an ordered product (/WOP) of operators [16, 17], the normally ordered Gaussian form of
quantum mechanical completeness relation provides us with much convenience to set up
multipartite Wigner operator and the corresponding phase space formalism.

To illustrate our approach clearly, as an example, we in Sect. 2 demonstrate how the
Wigner operator for bipartite entangled system can be constructed from two mutually
conjugate entangled state representations whose completeness relation exhibiting complex
Gaussian form within normal ordering. In Sects. 3—4 we discuss tripartite case and multi-
partite case respectively.

2 Approach for Deriving Wigner Operator for Bipartite Entangled System
In Ref. [7-12] Fan and Klauder have constructed the bipartite entangled state

1) = expl—|nl*/2 + na — a3 +aa;1100), ©)
such a state may be figured out by thinking of the following eigenvector equations

(@ —al—mn=0, (@ —as—n"In) =0. (7
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and then to make up a Gaussian integration with normal ordering which is equal to unit, i.e.,

dn ¥ — (af -
— cexpl=ln— (@ —a)lln” — (@) —a)]}: =1, ®)

. i i . Lo .
using : e~ ‘1917929 : to decomposing the exponential in (8) we see the completeness relation

f di—"|'7)('7| = 1. Since |n) is also the common eigenvector of (Q; — Q») and (P; + P,),

(01— Q) =v2mIn),  (Pi+ P)n) =~2mln), n=m+in.

Equation (8) can also be recast into
dn.d 217022 _Pi+Py o
/—In // M 772: lon= S22+ =2y 2y g (9)

On the other hand, if we merely change the sign before a, and ag in (8), the resolvent of unit
still keeps, i.e.,

d2€; . T * T .
- rexp{—[§ — (a1 +a)llE" — (a; +a)]}: =1, (10)

which leads to the conjugate state of |n) i.e.,

|€)—exp|:—§ +&al +&%a) —a a2:||0) E=§& +i&. (an
|£) is also an entangled state representation and it obeys the eigen-equations
(a1 +a})[E) =£[£), (a] +ar)|€) = £7[%), 12)
or
(01 + 02)[§) = V25 &), (P — P)I§) = V25[8), 13)
50 we also have
//w d§1d&y | —1e-2 R o1 (14)
o T

Combining the right hand sides of (9) and (14) together as we did in (3) we introduce the
Gaussian form of normally ordered operator

1 [_(U 0 - Qz)_(a_PH—Pz)z
= T T RN

{2529

It is easy to see that (15) is equal to

—P\?
2) }:EAQ(G, ). (15)

1 N N N
An(o,y) = —5 expl—(0 —a +a)) (0" —a] +a) — (y —a1 —a}) (y* —aj —ay)]:, (16)
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where 0 =0y +ioy, ¥y =y +iy,. We name A,(o, y) the entangled Wigner operator,
since its marginal distributions are

1 1
/dZUAlz(U, y)=—:expl—(y —a) —a)(y* —a] —a)]:= —1E)Ele=y, (D)
and
1 . 1
/dzyAn(a, y)=—iexpl—( +a, —an(o’ —al +a)]:= —Im = (18)

The corresponding marginal distributions of Wigner function of bipartite state |) are

1
/dzawmn(a,yw = WO, (19)
and
1
[Evwiane i = Zwmk_,. (20)

where |y (£)|? denotes the measurement probability of two particles’ center-of-mass coordi-
nate «/5%‘ 1 and relative momentum \/Eé;‘z, while | (17)|? denotes the measurement probabil-
ity of total momentum 21, and simultaneously relative position V2n1. We emphasize that,
for an entangled-particle system, the physical meaning of the Wigner distribution function
should lie in that its marginal distributions would give the probability of finding the particles
in an entangled way.

Note that Aj;(o,y) is equal to the product of two one-mode Wigner operators,
A7) = Ar(a, a*) Ay(B, B*) when we set o =a + %, y =a — B, @ = L=(q1 +ipy),

B= %(512 +ip2).

The above description presented a concise approach for introducing Wigner operators for
bipartite entangled system. The procedure can be generalized as: (1) Writing explicitly the
common-eigenvector equations for associated two-particle observables which are commuta-
tive; (2) According to these equations writing explicitly the normally ordered Gaussian form
of completeness relations of two conjugate entangled state representations; (3) Combining
these two Gaussian forms to compose the entangled Wigner operator.

3 The Wigner Operator for the Mass-Dependent Tripartite Entangled System
Derived by Virtue of the IWOP Technique

Enlightened by the method of finding the Wigner operator for bipartite entangled system
we now search for Wigner operator for the mass-dependent tripartite entangled system.
Let |x, p2, p3) be the common eigenvector of the three compatible operators: (/1:—1 — %),
(::—‘1 — %) and (u1 X1 + u2Xo + n3Xs), where u; =m;/M (i =1,2,3), is the reduced
mass of each particle, M = Z?:I m; is the total mass of 3 particles, 11 X + w2 Xo + 3 X3
is the tripartite centre-of-mass coordinate and (f:—' — %), (% - %) are the mass-weighted

relative momenta. The state |y, p,, p3) obeys the eigenvector equations:

P P
— — — )X, P2, P3) = p2lX. P2, P3)>
1231 M2
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P B
— — — )X, p2, p3) = p3lX; P2, P3)s
231 n3

(1 X1+ o Xz + u3X3) [X, p2, P3) = X1X, P2, P3)-

2D
Note that (21) also implies another non-independent equation
P, P
— — — )X, p2, p3) = (p3 — P2) X, P2, P3)- (22)
M2 U3
We can rewrite (21) and (22) in the following form
(w2 Py — 1 P2) 1X, p2, P3) = k2 p2l X, P2, P3)s
(u3s Py — w1 P3) X, p2, P3) = i3 p3l X, p2, P3)s 3

)

)

(w1 X1+ w2 X + 3 X3) [x, p2, p3) = x1X, P2, p3),
(u3 Py — 2 P3) X, pa, p3) = mapes (p3 — p2) X P2, p3)-

Using (21) and (22) and the /WOP technique we can construct the unit integration as

o0

dxdp,dps i 1

/// p32 P il cexp i ——[pipaps — (2Pt — 11 P
T2 A A

1 1
—X[M1M3P3 — (U3 Py — i P)1* — X[X — (Wi X1+ 12 Xs + 3 X3P

1
—X[Mzm(m —p2) — (w3 P — M2P3)]2} =1, 24

where A = Z;Ll uf. The correctness of (24) can be directly confirmed by performing the
Gaussian integration within :: in it. Then we decompose the integrand in (24) as the form
“function of creation operators X : exp(— Z?:] af a;) : x function of annihilation opera-
tors”.

The integrand in (24)

3
t l*/—PZI/«Z t T t
= exp {A +—= Z = ey — (U 4 pd)al + papaal]
iv2psus i t
+f[mu3af + papsa; — (uf + p3)ail + S° }

3
X :exp{—Za?ai}:
i=1
ZS: lfl’zMz

X exp {A + — ——— {1 p2ay — (17 + pU3)a + 3 14203]

_iV2psus
A

[ p3ar + pap3as — (U7 + p13)as] + S} =X, p2, P3){X, P2, P31, (25)
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where
X2 2 2y,.2
T [(ul + uDu3ps + (U7 + u)u3p3 — 2u3u3p2p3]1 = A,
(26)
25 e + 33 2 i =s.
i<j
and
_3 MIPLZM%
P2 ps) =7 [ = [A+—Zm
iN2paps ¥ ¥
+———lmmaa - (13 + pda + papaay]
iv2 3L +
+ %[mmal + tapzal — (i + pud)all + ST} 000),  (27)

here we have used : exp(— > _
same as that of Ref. [10].
By observing that the operators

a;) : = |000)(000|. The form of |x, p, p3) in (27) is the

111

X1 X X1 X3
— -, — —— ] and (P + p2Pr+ puzhPs)
M1 %] M1 M3

are also permutable with each other, in similar to (24) we have another form of unit integra-
tion

* dpdxad x3 g 1
/// b f 2t rexp 1 ——[ipaxe — (12 Xy — 1 X2)1?
S T2 A A

1 1
—X[MIM3X3 — (X1 — 1 X3)* — X[P — (1 Py + pa Py + 13 P3)1

1
—X[M2M3(X3 —x2) — (U3 Xy — M2X3)]2} i=1, (28)

which leads to the appearance
3 i
1P x5} = 4 [ exp [A+f” S il + S ] - i + pda)

+ pspoal] + 288 1 al + popsal — (12 + pd)all + ST} 1000),
(29)

|p, X2, x3) is the conjugate state of |x, p», p3). Similarly, combining the right hand sides
of (24) and (28) together as before, we now introduce the Gaussian form of normally ordered
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operator

A3(p, X2, X35 X> P2 P3)

1 (TE., ? 1<
= —;<¢> 16XP{ Y Z[Ml#i}?i — (Wi Py — PP

T A ‘
i=2

2 3
1 > 1
_X(X_E MiXi) Y E i j(pj — pi) — (wj P — i P)T?
i=1

i=2,j>i

3 3 2
1 1
- X Z[,U«lﬂi)(i — (i X1 — MlXi)]2 - x (X - ZM:‘R‘)
i=2 i=1
13
Y Z M'Mj(Xj—Xi)—(Min—Min)]z}3 ) (30)
i=2,j

which is the mass-dependent tripartite entangled Wigner operator, since its marginal distri-
butions are

dx [ pafts M2M3
//f . HdPiAB(P,Xz,X%X,Pz,m):|P, X2, X3P X2, X3l 3D
i=2
and
dp u u 2
/// = ]_[dx,As(p X2 X35 X0 P2s P3) = X0 P2 p3) (X P2o P3|l (B2)
72'2

we can further confirm Az = A (o) Az(a2) Az(a3) when we set o = q’;’”’

4 The Wigner Operator for Multipartite Mass-Dependent Entangled System Derived
from Gaussian Form of Completeness Relation

Hinted by the way of finding tripartite entangled states through their Gaussian-form
completeness relation in normal ordering, we now search for the common eigenvector
|X> P2, P3s---, Pn) Of the n compatible operators: (— - —) (— - —) (— — M‘)
and Z;’ | i Xi, where w; =m;/M (i =1,2,3,. n) is each partlcle S reduced mass,
M = Z, , m; is the total mass of n particles, Z;’;l i X; is the n-partite’s centre-of-mass

coordinate and (— — E) (Pl — Z), cee, (5‘1 — %) are the mass-weighted relative mo-
menta. The |x, p2, p3, .- -, pn) obeys the following eigenvector equations

P P,
— — —= )X, P2, P35+, Pn) = P2l X5 P2, P35 -5 Pa)s

M1 [2%)
P P
— — — )X, P2, D3+, Pn) = P3lX, P2, D3+ -+, Pn)s
1531 Hn3
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Pl Pn
— —— )X, P2, P3»+--» Pn) = PulX> P2> D3> -+ +» Pu)>
231 Hn

D Wi XilX. P2 P3s - Pa) = XX P2 P3s - D).
i=1

(33)
Equation (33) implies another non-independent equation
P, P;
— — — )X P2, P35 - Pn) = (Pj — PDIX> P2, P35 -+ Pn), (34)
Mi K

where j > i and i starts from 2 to n. Here we can also rewrite (33) and (34) in the form

(2 Py — i P2) [ X5 P2y P3s ooy Pn) = M2 P2l X5 P2y P3s - s Pu)s
(3P — 1 P3) | X5 P2s P3s s Pn) = MIM3P3IXs P2y P3s s Pa)s

(35)
(Pt — 1 P |X, P2y P35 oy Pn) = W1l PulXs P2y P35 -5 Pa)s

n
ZmXiIx,pz,ps,...,pn) = x|x, P2, P35+ Pn)>

i=1

(i P — (i P X5 p2s P3s v Pn) = Wil j(Pj — Pi)IXs P25 P35+ -5 Pu)-

Generalizing the form of (35) we write down the following normally ordered form of n-fold
integration by exhausting all the eigenvalue equations

A i=2

> dy 1 M 1 ¢
// dpiHTl:exp{__Z[Mlﬂipi_(ﬂipl_ﬂlpi)]z

2
1 = [
—X(x—Zsz) -2 [w,-(p,——p,-)—(u,ﬂ—mP,-)]z}:=1, (36)

i=1 i=2,j>i

where A = Z;':] p,f, its correctness (equal to unity) has been confirmed in Ref. [18].
Now using

:exp(—zaja,) :=100---0)(00---0]
i=1

we decompose the integrand in (36) as the form “function of creation operators
X 1 exp(— Z:.':l a;a;): x function of annihilation operators” which can re-express (36) as

00 n
1=/-~-/ dp [Tdxilp. x2: X3, - xa)(Ps X2s X3 Xl (37
- i=2

@ Springer



2058 Int J Theor Phys (2009) 48: 2050-2060

where

- [T mi \/EX - +
9 bl EER AL n = 4 1_4 M - l [
X P2 D3s - s Pu) o exp | M ,;M a,

V2~ o (N iR
T ;MM(;M%_E%

o) n 1 /le
by > Miﬂjaja;‘i-Z(E—7>a§2i||00--~0), (38)
i=1

i<j,ij=1

here

—ﬁ——Z( —M,)M,P,+— Z Wi pip; =M,
i<j,i,j=2

_ Z M,Mja,aj—l—Z( ) =N.

l<j[j 1

(39

Similarly, by observing that the operators
(Xl Xz) <X1 Xa) (X1 Xi)
wio opm2) N\ owms)T T N\

n
ZMiPi,
i—1

are also permutable with each other, we can construct the following eigenvector equations

and

(M2 X1 — 1 X2) Py X2s X35 -+ +s Xn) = M1M2X2|Ps X250 X35 > X
(3 X1 — 1 X3)IPs X2s X35 -+ o5 Xn) = MIM3X3IDs X2 X35 -+ Xn)s

(40)
(Wn X1 = w1 X )Py X2 X35 o5 Xn) = M1MnXnlPs X25 X35 -+ -5 Xn)s

D Wi PP, X2y X3s s X) = PIPs X2y Ko K
i=1

(Wi X — i X )Py X2 X35+ o Xn) = Wilkj(Xj — XDy X250 X35 o5 Xn)-
In similar to (36) we have the unity

dp l pL l
/ / l_[d : eXP[—X Z[Mlﬂi}(i—(#ixl—,ulxi)]z
i=2

2
oo T iz

2
1 n 1 n
_X<p_Z/'LiPi) Y Z [Mi//vj(Xj_Xi)_(//vai_l/Lin)]z}::17 (4D
i1

i=2,j>i
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which leads to the n-partite entangled state

_n Hl'l_l,ui «/Ep . +
) 3 yeees Xn) =T 4 1_737( M _— ia:
|p, X2, X3 Xn) \ > p|M+ 5 ;M a;

(B )
j=2 i=1 Kj
—% > winjala Z( ’)?}00.-.0). (42)

i<, j=1
|X, P2, D3, - - -, Pn) 18 the canonical conjugate state of |p, x2, x3, ..., X»). The Wigner oper-
ator is then composed of the right hand side of (36) and that of (41), i.e.

An(l% X25 X35 -+ +5 Xns X» P25 P35 -~-7pn)

n

(T i\ 1
= —<1_L=71M) 53XP{ - XZ[“'“"M — (Wi Py — i PP

" A
i=2

2
1 . 1<
_X<X_Z/~’Lixi) 3 E (i (pj — pi) — (P — i P)T?
i=1

i=2,j>i

2
1 ¢ , 1 “
_XZ[MIMiXi = (Wi X1 = X) - X(X —ZM:‘P,)

i=2 i=1
D T (G — xi) — (X — uixj)]z} . (43)
i=2,j>i

The marginal distributions of A, (p, X2, X3+ -+ Xn3 Xs P2> P3» -+, Pn) are

dxﬂ ©
/ / = ']_[dP,An(p X23 X3+ -5 Xn> X> P23 P35+ s Pn)

007T2
=P, X25 X35 -+ s Xn)APs X2> X35 -+ +» Xl (44)

and

dp | lizimi
/ / 1_11 dezA(p X2s X35 o5 X3 X P2 P3s - os Pa)

oo7T2

=|Xs P2y P3s++vs Pn){Xs P2> P35+ Pul. (45)

The corresponding marginal distributions of Wigner function of n-partite state |1/) are
{x, P2, P35, pn|w>|2|x:qo_pj:p,7p1 and [{p, X2, X3, ---» anll">|2|p:po,x_,-:q_,-fq1 , which is
proportional to the probability of finding n-partite system with center-of-mass position gg
[relative position x; (j =2,3,...,n)] and simultaneously relative momentums p; (j =
2,3,...,n) [total momentums pg].

In summary, with the help of the IWOP technique we have presented a concise approach
to introducing Wigner operators with n mass-different partites’ entangled representation.
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